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Abstract We present an overview of our framework used to treat two- and three-nucleon (2N, 3N) sys-
tems employing three dimensional momentum eigenstates. Using a three dimensional formalism instead of
the classical partial wave approach is an attractive alternative for a number of reasons, the most prominent
being the very direct way of performing calculations. With the use of our tools it is possible to produce a
working numerical realization of calculations in only a couple of steps from the fundamental (Schrödinger or
Lippmann–Schwinger) equations. The FORTRAN implementations of the most complicated parts of the cal-
culations are generated automatically by Mathematica®software that was written in our group. Additionally,
at higher energies, three dimensional calculations avoid problems arising from slow convergence of partial
wave decomposition based techniques. Our approach utilizes a very general form of the 2N and 3N forces and
has been successfully used to obtain results for the 2N transition operator as well as for the 2N and 3N bound
states (Golak et al. in Phys Rev C 81:034006, 2010; Few-Body Syst 53:237, 2012a; Few-Body Syst, 2012b).
1 Introduction
A numerical realization of calculations involving the 2N and 3N bound state and the transition operator is
classically achieved by using partial wave projected operators. We explore a different approach that involves
three dimensional momentum vectors. Our calculations are performed using automatically generated FOR-
TRAN codes. These codes contain implementations of the complicated algebraic expressions that result from
the momentum dependence of spin matrix elements and can in some cases have the volume of many thousands
of lines. The possibility of encapsulating the most complicated parts of the calculation in an automatically
generated code allows us to create a numerical realization that is very directly related to the fundamental
equations.
Working within the isospin formalism to describe the few (spin 12 , isospin 12 ) nucleon systems makes
it possible to calculate matrix representations of all relevant momentum projected spin operators using the
Kronecker product. Permutations within the spin (isospin) space are explicitly represented as 4 × 4 (for 2N
systems) or 8 × 8 (for 3N systems) dimensional matrices. These properties, together with momentum space
permutations (of relative momentum eigenstates for the 2N system or Jacobi momenta eigenstates for the
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3N system) are gathered in our custom Mathematica®software. Our symbolic programs also supply defini-
tions that provide methods to create ready-to-use implementations of Mathematica®expressions in the form of
FORTRAN modules or functions. The resulting code can be compiled “as is” and linked directly to the main
program. Our symbolic software is flexible, allowing us to optimize the code from the level of Mathematica®.
Additional optimization is performed afterwards by the FORTRAN compiler. Using these tools it is convenient
to perform the most complex parts of the calculation.
2 Formal Ingredients
In order to arrive at a practical realization of our calculations we utilize a general, parity and time reversal
symmetric, form of the 2N potential operator:
〈 p′ | 〈γ ′ | Vˇ γ2N | γ 〉 | p〉 = δγ γ ′
6∑
i=1
v
γ
i (| p′|, | p|, pˆ′ · pˆ)
[
wˇi ( p′, p)
] (1)
where | γ 〉 is one of the four possible states | γ 〉 ≡| tmt 〉 of the total 2N isospin, wˇi ( p′, p) is a set of spin
operators (they are listed for example in [7]) and finally, vγi (| p′|, | p|, pˆ′ · pˆ) is a set of scalar functions of the
magnitude of the final and initial relative momentum and the angle between them. A very similar decomposi-
tion is used for the transition operator tˇ but with vγi (. . .) → tγi (E, . . .). The momentum space matrix elements
of any 3N potential operator can also be written as a finite linear combination of scalar functions of momentum
vectors and momentum dependent spin operators, including additionally a limited set of 3N isospin operators.
We use a well known operator form of the 2N bound state:
〈 p | φd〉 =
2∑
l=1
φl(| p|)
[
bˇl( p) | 1md〉
]
(2)
where p is the relative momentum of the two nucleons, bˇl( p) are spin space operators (listed for example
in [7]) and finally | 1md〉 is a state in which the spins of the two nucleons are coupled to a total spin 1 with
projection md (the isospin of the deuteron state is 0). For the three nucleon bound state we use [12]:
〈 pq | 〈tT | Ψ 〉 =
8∑
i=1
Φ
(i)
tT (| p|, |q|, pˆ · qˆ)
[
Oˇi ( pˆ, qˆ) | χm〉
]
(3)
where p, q are Jacobi momenta, Oˇ( pˆ, qˆ) are operators in the 3N spin space (listed e.g. in [9]), 〈tT | Ψ 〉 is the
3N bound state projected onto a state with total isospin T and | χm〉 is a specific spin state (for details see [9])
of the three particles with a projection m.
Inserting the above given operator representations into the fundamental (Schrödinger, Lippmann–Schwin-
ger) equations, and removing the isospin–spin dependencies, all calculations turn into linear problems for the
scalar functions t, φ,Φ. Expressions inside square brackets [. . .] that appear in (1), (2) and (3) have a matrix
representation that can be easily created using our Mathematica®tools. The complicated expressions resulting
from combining expressions inside [. . .] can then be transformed into a ready-to-use FORTRAN code. Finally,
the numerical realization of calculations is nicely separated from the encapsulated complex expressions.
3 Numerical Treatment of Large Linear Operators
The dimension of the resulting linear operators is, in some cases, vary large. This is especially evident for 3N
systems where, in order to describe the Faddeev component of the bound state with a reasonable accuracy,
approximately 106 combinations of argument values of Φ from (3) are necessary. In order to deal with the
large dimension of the linear space we use Krylov subspace methods. Given an operator Aˇ and a starting vector
v, we work with the projections onto the Krylov subspace:
K ( Aˇ, v) = span(v, Aˇv, Aˇ Aˇv, . . .).
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Each consecutive vector will have components corresponding to the largest eigenvalues amplified, thus choos-
ing to work within K ( Aˇ, v) we use “the most relevant” subspace of Aˇ. An additional advantage of this scheme
is the possibility to carry out the calculations without an explicit matrix representation of Aˇ. The construction
of the subspace by direct iterations is not numerically stable; in practice we use another iteration scheme, the
Arnoldi algorithm [1,10] (which produces the same space but carries out the orthogonalization in parallel to
the iterations).
4 Results and Summary
Combining the three dimensional treatment of the 2N and 3N systems with tools that use symbolic program-
ming within the Mathematica®programming language allowed us to create a very direct numerical realization
of calculations that involve the 2N transition operator as well as the 2N and 3N bound states. The calculations
utilize a very general form of the 2N and 3N potentials and can be quickly applied to test new models. Espe-
cially at higher energies, where calculations based on partial wave decomposition become very difficult, our
three dimensional approach is a viable option.
Table 1 Comparison between the partial wave and three dimensional treatment of the 3N bound state from [9]
PWD 3D
λ 1.0 0.99976
〈Ekin〉 33.448 33.412
〈E2Npot〉 −41.329 −41.273
〈E3Npot〉 −0.765 −0.770
Total energy −8.646 −8.631
The energy argument of Kˇ (E) was chosen to be −8.646(MeV). The expectation values of the kinetic and potential energies
(given in MeV) are in good agreement. The calculations use chiral NNLO 2N and 3N potentials from [5,6] and are based on np
interactions only, therefore the energy differs from the experimental value
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Fig. 1 Selected observables for the proton–proton system (including the Coulomb force) at the projectile laboratory kinetic energy
13 MeV as a function of the center-of-mass angle θc.m. for the chiral proton–proton NNLO potential [4,6]. Results are obtained
by solving the Lippmann–Schwinger equation using the matrix inversion method and applying the exponential screening (4) to
the Coulomb potential. Dotted, dashed and solid lines show the results with the screening parameter R = 20, 60 and 120 fm,
respectively, all for n = 4. Figures are from [8]
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Carrying out matrix–vector type operations that are needed, for example, in the three dimensional treatment
of the 3N bound state and transition operator, require the use of powerful computing resources. We use the
JUQUEEN cluster in FZJ. The results are in good agreement with partial wave calculations. Both of these
approaches involve solving a linear eigensystem in the form Kˇ (E)φ = λφ and finding a value of the bound
state energy E such that λ ≈ 1. Table 1 shows a comparison between the partial wave and three dimensional
treatment of the problem, where the energy argument of Kˇ (E) was chosen to be −8.646(MeV). One can see
that the results are in agreement with each other.
An example of the three dimensional treatment of proton-proton scattering, taken from [8], is shown in
Fig. 1. This example shows that in addition to the short ranged chiral proton-proton NNLO potential [4,6]
also the Coulomb interaction can be taken into account using screening. For the case presented in the plots
exponential screening was used. The additional contribution to the two nucleon potential is proportional to
[8]:
s1(r; n, R) ≡ exp
(
−
( r
R
)n)
(4)
where r is the relative position of the two particles, R is the screening parameter and we limit ourselves to the
case where n = 4. The momentum space expressions for the Coulomb potential with (4) can be found in [11].
It can be observed that the results become independent from the screening parameter.
We presented results for the 3N bound state and for pp scattering obtained within calculations that are based
on a purely 3D treatment on the problem without PWD. In our formulation, we nevertheless make use of the
rotational invariance by means of an expansion in a set of operators. We showed that the obtained high dimen-
sional set of linear equations for the scalar functions accompanying these operators can be reliably solved.
These are important steps towards an application in the three-nucleon continuum, which at high energies will
benefit from an improved accuracy when the PWD can be circumvented. The new formulation is especially
interesting, since the most involved parts of the codes can be generated by Mathematica®scripts. This makes
the incorporation of new structures in the interactions much easier by avoiding long developments for partial
wave decomposed interactions. This will be important for applying new 3NF structures as formulated in [2,3].
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